We propose two experimental schemes for producing coherent-state superpositions which approximate different nonclassical states conditionally in traveling optical fields. Although these setups are constructed of a small number of linear optical elements and homodyne measurements, they can be used to generate various photon number superpositions in which the number of constituent states can be higher than the number of measurements in the schemes. We determine numerically the parameters to achieve maximal fidelity of the preparation for a large variety of nonclassical states, such as amplitude squeezed states, squeezed number states, binomial states and various photon number superpositions. The proposed setups can generate these states with high fidelities and with success probabilities that can be promising for practical applications.
I. INTRODUCTION
Generation of various nonclassical states of light is still an important topic in quantum optics, owing to the numerous applications of such states in quantum information processing, quantum-enhanced metrology, and fundamental tests of quantum mechanics. The preparation of states in traveling optical modes is generally desired in many practical applications. Conditional preparation is a well-established technique for this task. This consists in measuring one of the modes of a bipartite correlated state which results in the projection of the other mode to the desired state for certain results of the measurement. Though this technique is probabilistic and generally approximative, it can provide quantum states with high enough fidelity for practical use.
Special attention has been devoted to the generation of coherent-state superpositions referred to as Schrödinger cat states in traveling modes [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] due to their important role as basis states in optical quantum information processing [13] [14] [15] [16] [17] [18] . The components of these superpositions are two macroscopically distinguishable coherent states with opposite phases. These states have already been prepared in several traveling wave experiments [19] [20] [21] [22] [23] , however, further efforts are needed for producing Schrödinger cats with larger amplitudes and higher fidelity to meet the criteria of the developed applications.
Quantum state engineering has also been extensively studied with the general aim of the preparation of a variety of different nonclassical states in the same single experimental scheme [24] [25] [26] [27] [28] [29] [30] [31] [32] . It is a plausible approach to construct systematically the photon number expansion of the quantum states up to a given photon number. For realizing this task various methods have been developed, such as repeated photon additions [25] , photon subtractions [26] and the application of the superpositions of these processes [29, 30] . It is a characteristic property of such schemes that the number of the optical elements is generally proportional to the amount of number states involved in the photon number expansion of the target state. This implicates that an increase in the number of the constituent photon number states of the target state leads to a decrease in the success probability and even to that in the fidelity of the generation.
The possibility to overcome this issue is offered by the idea of quantum state engineering via discrete coherentstate superpositions. It has been shown that superpositions of even a small number of coherent states placed along a straight line, on a circle or on a lattice in phase space can approximate nonclassical field states with a high degree of accuracy [24, 31, 33, 34] . For certain quantum states the number of the required coherent states for an approximation with a given accuracy can be less than that of the terms of the number-state expansion of the target state. Interestingly, different superpositions of various geometries can approximate the same nonclassical state [31] . This feature can be explained by the overcompleteness of the coherent states as a basis and even of discrete subsets of them in the Hilbert space of a harmonic oscillator [35] . It is still an interesting open question how to find the smallest number of coherent states whose superposition approximates the desired state with a given precision. Intuitively one can state that the best superpositions consist of coherent states whose position and geometry in phase space "fit well" to the Wigner function of the desired state [24, 31] . Several methods have been proposed for generating discrete coherent-state superpositions on a circle or along a line in phase space for electromagnetic fields in cavities [24, [36] [37] [38] and for the center of mass motion of a trapped ion [39] . An experimental scheme has also been developed for generating Fock states in a single-mode traveling-wave optical field based on coherent-state superposition on a circle [27] . Apart from this latter paper, quantum state engineering of traveling-wave optical fields based on coherent-state superpositions appears to be a largely unexplored area.
In this paper we propose two experimental schemes containing only a small number of linear optical elements and homodyne measurements that can be used for producing coherent-state superpositions along a line and on a lattice in phase space. These superpositions can approximate various nonclassical states in traveling optical fields. The input states of the schemes are superpositions of two coherent states with small phase separation and additional squeezed vacuum states in one of the schemes. These coherent-state superpositions can be generated by the scheme containing cross-Kerr nonlinearities as described in Ref. [40] . The analysis of the performance of that scheme under decoherence shows that these states are practically realizable ones [41] and the necessary phase shift can be achieved by weak cross-Kerr nonlinearities realizable in present experiments [42] [43] [44] [45] . In our proposed schemes the nonclassical states are prepared conditionally depending on the results of the homodyne measurements. Our description of the schemes leads to an optimization problem to determine the optimal parameters of the homodyne measurements and the input coherent-state superpositions to yield the desired states. We have found that this can be solved efficiently with genetic algorithms. We demonstrate through a broad variety of examples that amplitude squeezed states, squeezed number states, binomial states and various photon number superpositions can be generated in the proposed schemes with a high precision and with sufficient probabilities for practical applications. An additional benefit of our schemes is that even though the number of the required measurements is fixed and small (2 or 3), they are capable of efficiently generating certain states containing a large number of nonzero coefficients in their photon number expansion.
The paper is organized as follows. In Sec. II we describe the schemes we propose and discuss how they can be applied for generating coherent-state superpositions. In Sec. III the generation of various nonclassical states is analyzed in details and actual examples are presented. Finally, in Sec. IV the results are summarized and conclusions are drawn.
II. CONDITIONAL GENERATION OF COHERENT-STATE SUPERPOSITIONS
In this Section we present two schemes for generating various superpositions of a finite number of coherent states around the origin of the phase space. Both schemes are built from standard optical elements such as beam splitters and homodyne detectors and use light in experimentally feasible quantum states as inputs. As there is a broad variety of nonclassical states which can be well approximated by such superpositions, these schemes can generate light in quantum states close to these nonclassical states.
Let us first consider the scheme presented in Fig. 1 . The involved beam splitters are standard 50:50 ones. We show that this setup is capable of producing coherentstate superpositions along a straight line or on a lattice in the phase space. The superpositions in argument are of the form
The input states ψ
of the system are assumed to be the following special coherent-state superpositions:
where N ψin is a normalization factor. Such input states can be generated by experimental setups containing cross-Kerr nonlinearities [40] .
The magnitudes of the coherent amplitudes |α 1 | and |α 2 | are the same in both of the states ψ The phase of the amplitudes, however, can be different and depend on the desired output state. When the superpositions of states along a straight line are to be generated, the input states have to be the same: ψ
. In particular, if the superposition is required to be on the real axis of the phase space then the phase of the coherent amplitude in the initial superposition must be chosen as arg α = π/2 + ϕ/2. On the other hand, when the target superposition is taken on an orthogonal lattice oriented parallel to the phase space axes, the phase of the coherent amplitude in ψ (1) in is the same as in the previous case while the phase of the coherent amplitude in ψ (2) in must be chosen so that arg α = ϕ/2.
With these choices for arg α the parameter β in (1) and (2) is real.
Homodyne measurements in the setup can measure the rotated quadrature operator X θ . The overlap between the eigenstate |x θ of this operator and a general coherent state |α can be described by the inner product
Since we have already fixed the phase of the initial states the phase of the measured quadratures can be fixed as well. Therefore we choose the phases of the homodyne measurements in Fig. 1 to be θ 1 = θ 2 = θ 3 = 0 in the case of a superposition on a straight line, while these phases are chosen to be θ 1 = θ 3 = 0 and θ 2 = π/2 for the superposition on a lattice. In the latter case the second homodyne measurement measures the quadrature Y . Using the well-known beam splitter transformations acting on coherent states as
and applying the projection |X θi = x i X θi = x i | corresponding to the ith homodyne measurements (i = 1, 2) on one of the output modes of the beam splitters BS 1 and BS 2 , we get the intermediate states ψ 
where the states |cat and |cat ′ are Schrödinger-cat states in the real and imaginary axis of phase space, respectively:
and the coefficients a i , b i , and b
From the latter two equations on, in the rest of this paper α denotes the magnitude (i.e. a real number, not including the phase) of the coherent state appearing originally in the input state defined in Eq. (3). We note that in Eq. (6) the coefficients of the vacuum state can approach zero for certain parameters of the input states and the results of the homodyne measurement, so this part of the scheme is suitable for preparing Schrödinger cat states with large amplitude [46] . Considering the intermediate states described in Eq. (6) it is easy to see that after the third homodyne measurement the output states are the ones given in Eqs. (1) and (2) with the coefficients
for the superposition along a line, and (10) for the superposition on a lattice. In these coefficients the coherent amplitude reads
Note that this amplitude is identical to the one appearing in the superpositions of Eqs. (1) and (2). In Fig. 2 we propose a different scheme in which we replace one of the units producing the intermediate states of Eq. (6) with an input state ψ (2) CSS which is the equidistant superposition of several coherent states along a line in phase space. From a practical point of view this state can be a squeezed vacuum state |ζ, 0 with complex squeezing parameter ζ = r exp(iθ). Such states can be approximated by coherent superpositions of a few coherent states of the form
with a high precision [24] . In this equation the coherent amplitude γ is real. For a real squeezing parameter ζ = r corresponding to squeezing in the variance of the Y quadrature the coherent states in Eq. (12) are located along the real axis x. For complex squeezing parameter with θ = π these states are located along the imaginary axis y.
The coefficients c ′ l and the coherent amplitude γ can be determined by using the method of Ref. [24] . The coefficients c ′ l can be derived from the one-dimensional coherent-state representation of the squeezed vacuum states and they read
The value of the coherent amplitude γ can be derived from the condition that the misfit between the approximating coherent-state superposition ψ
CSS and the original squeezed vacuum state |ζ, 0 should be minimal. The misfit of a target state and an approximate state is quantified in general by the parameter
based on the fidelity | ψ appr. |ψ target | 2 of the states. In the actual setting |ψ target = |ζ, 0 and |ψ appr. = ψ
CSS , but we shall use this quantification in all the other cases studied in this paper.
In Fig. 3 we present the minimized misfit as a function of the number of constituent states N in the superposition for different values of the squeezing parameter ζ. This figure clearly shows that by increasing the number of constituent states the accuracy of the approximation also increases. The number of the required constituent states increases at a given accuracy by increasing the real squeezing parameters. By using the superposition described in (12) and the input state ψ given by (3) with the same phase parameter used in the first setup, it is easy to see that the output of this second setup is the following general coherent-state superposition:
where The coefficients a |k| in this expression are defined in Eq. (8) . These formulae describe various superpositions of N × 3 coherent states depending on the value of the phase parameter θ. For θ = 0 one obtains superpositions along the real axis while for θ = π on an orthogonal lattice in the phase space. In the latter case the lattice has N elements in the direction of the imaginary axis and three elements in the other direction of the space. We note here that in the examples presented in the next section, instead of an exact squeezed vacuum state as input for the scheme of Fig. 2 , we have calculated with approximating coherent-state superpositions containing N = 7 coherent states. This choice results in misfits of ε < 10 −4 for the required squeezed vacuum states occurring in the examples.
In order to use the schemes presented in Figs. 1 and 2 for preparing a nonclassical state, one can apply the following strategy. First, a coherent-state superposition from Eqs. (1), (2), and (15) must be chosen for approximating a given target state. Next, all the parameters appearing in the chosen superposition must be determined in a way that the misfit ε defined in Eq. (14) should be minimal between the target state and the approximating coherent-state superposition.
The variable parameters of the optimization include the measurement results x 1 , x 2 or y 2 , and x 3 of the homodyne measurements, the coherent amplitude α and the phase shift ϕ of the input states ψ CSS . The optimization problem is neither linear nor convex, moreover, the relevant range of the parameters depend also on the physical circumstances. In spite of these difficulties we have found that it can be efficiently solved e.g. using genetic algorithms.
Finally, let us introduce the other figures of merit, in addition to the misfit, which are commonly used to characterize the performance of conditional quantum state generating schemes. In the case of conditional schemes for generating field states of a traveling mode the probability of success is also important. For homodyne measurements the probability of obtaining precisely an eigenvalue of the given quadrature operator is obviously zero as the quadratures are continuous variables. Hence, probability of success corresponding to a single measure-
where
is the density operator of the mode on which the ith homodyne measurement is performed. The state ψ
is the two-mode state after the ith beam splitter. The explicit form of these states can be obtained via a straightforward calculation from Eqs. (3) and (5). The quantity δ i defines the range in which the misfit parameter ε in Eq. (14) is smaller than a prescribed value. We define the overall probability of success P as the product of the success probabilities P (i) :
We note that in the first scheme the state ψ depends on the results of the previous measurements, while in the second scheme the state ψ depends on the result of the first homodyne measurement. If the measurement ranges are small enough the success probability of the final measurement can be calculated at the optimal parameter values of the previous measurements and the independence of the individual measurements assumed in Eq. (19) can be considered to be valid.
Note that the misfit parameter changes with the measurement results within the measurement ranges. Therefore it is interesting how one can characterize the accuracy of the preparation of the given state after choosing certain measurement ranges for the particular homodyne measurements. Dividing all ranges to sufficiently small subranges we can assign a certain measurement results for each of the subranges. Next, we can calculate the misfit parameter and the overall probability of success by the application of the formulas introduced earlier for any of the possible measurement outcomes, that is, for any particular combination of the subranges. Finally, we can introduce the average misfit of the preparation as
where P j and ε j are the overall probability of success and the misfit of the jth outcome.
III. EXAMPLES OF GENERATING NONCLASSICAL STATES
Thus far we have presented schemes which are capable of generating superpositions of coherent states. In this Section, we demonstrate through examples how they can be applied to generate a large variety of nonclassical states. Our examples include amplitude squeezed states, binomial states, squeezed number states, and special photon number state superpositions that can be important for protocols used in quantum optics and quantum information science [47] . Let us first recapitulate the definitions and some properties of the nonclassical states whose generation we address.
Amplitude squeezed states are defined by Gaussian continuous coherent-state superpositions on circles in phase space:
where c is a normalization constant, u determines the width of the distribution, α 0 is the magnitude of the amplitudes of the superposed coherent states and δ is a free modulation constant. For u → ∞ the distribution contracts into the coherent state |α 0 . In the opposite limit u ≪ 1 one has the n-photon number state with n = δ. The state |α 0 , u, δ AS can be expanded in photon number basis as
These states are intelligent states of the Pegg-Barnett number-phase uncertainty relation [48, 49] . A single-mode binomial state can be defined as the following number-state expansion [50] :
where the B M n coefficients are
From Eqs. (23) and (24) it can be seen that given any finite M , if p = 0, |p, M is reduced to the vacuum state |0 . On the other hand, if p = 1, we obtain the number state |n = M . In the limit p → 0 and M → ∞, but with pM = α 2 constant, |p, M becomes a coherent state |α . The squeezed number states [51] [52] [53] can be described by
whereŜ(ζ) is the squeezing operator. We do not recapitulate the explicit formula for the coefficients G mn here, for its length. It can be found e.g. in Eq. (34) of Ref. [54] . It is clear that all the introduced states can contain several photon number states in their number-state expansions with non-negligible coefficients for certain parameters. So they can be used to demonstrate that the proposed schemes can generate photon number superpositions containing far more constituent states than the number of measurements in the proposed schemes. Finally, we will consider the generation of the following particular photon number superpositions containing photon number states of a few photon numbers:
In these superpositions the coefficients are chosen in an ad hoc manner. In our calculations we have chosen to use a genetic algorithm [55] for solving the optimization problem. In order to minimize the misfit of the approximating state we have to define the ranges of the optimization parameters so that the bounds are physically reasonable and the optimization problem is numerically stable and feasible. First the ranges of the measurement parameters x i have to be chosen so that the coefficients in the superpositions (1), (2) , and (15) depending on these parameters can take all their possible values. We found that in all the considered examples the values of the measurement parameters took their values within the range −10 to 10, therefore we have set the range of the optimization for these parameters accordingly. Similarly, in the scheme of Fig. 2 we chose the range of the squeezing parameter by broadening it empirically to make all the desired approximate states feasible. Table I . The minimal misfit ε, the corresponding input-state parameters α, ϕ, and the measurement results x1, x2, and x3 of the homodyne measurements for the amplitude squeezed state |1, 2, 1 AS approximated on a lattice using the scheme of Fig. 2 Figure 4 . The average misfit εavg as a function of the overall probability P for the state |0.2, 10 B approximated on a lattice in the scheme presented in Fig. 1 .
Next, we consider the parameters characterizing the input states, that is, the coherent amplitude α and the phase rotation ϕ, which determine the coherent amplitude β according to Eq. (11) . Recall that the parameter β determines the distance between the coherent states in the generated coherent-state superpositions in the scheme of Fig. 1 and it also influences the structure of the output superposition of the setup presented in Fig. 2 . In coherent-state superpositions approximating quantum states the value of this parameter is generally around 1 [31] ensuring the necessary quantum interference for the generation. From these properties it can be anticipated that the scale of the parameters α and ϕ can be chosen relatively freely applying the only restriction that the corresponding β remains around 1 .
In order to demonstrate this freedom we chose different ranges for ϕ in the scale between 10 −6 to 10 −1 and the coherent amplitudes α in the corresponding ranges Table II . Results of the optimization for different nonclassical states for the scheme of Fig. 1 . The states are approximated by coherent-state superpositions along a line described by Eq. (1). The table presents for each state the misfit ε of the approximation and the optimized parameters leading to this misfit including the coherent amplitude α, the phase distance ϕ, and the resulting coherent amplitude β of the input states, the measurement results xi of the homodyne measurements, and the overall probability P , the corresponding ranges δi of the measurements, and the average misfit εavg. Table III . Results of the optimization for different nonclassical states for the scheme of Fig. 1 . The states are approximated by coherent-state superpositions on a lattice described by Eq. (2). The table presents for each state the misfit ε of the approximation and the optimized parameters leading to this misfit including the coherent amplitude α, the phase distance ϕ, and the resulting coherent amplitude β of the input states, the measurement results xi of the homodyne measurements, and the overall probability P , the corresponding ranges δi of the measurements, and the average misfit εavg. determined as described above in the problem of finding optimal parameters for generating different quantum states using our schemes. We found that it is possible to obtain solutions with similar small misfit values for any proper ranges of α and ϕ and for any considered state. An example for this is shown in Tab. I. In this table we present the results of the optimization for the amplitude squeezed state |1, 2, 1 AS approximated by the superposition of Eq. (2) in the scheme of Fig. 2 . From the first three rows of the table it can be seen that misfits of the same scale can be achieved for different scales of the parameters α and ϕ. Interestingly, solutions of similar misfits can also be obtained even if the optimization is accomplished for different subranges of the same scale of these parameters (see e.g. second three rows of the table). Moreover, this property holds for the last three rows where the optimization is performed only for α and the measurement parameters while fixing the value of ϕ ad hoc. From the data of Tab. I one can conclude that there exist plenty of pairs of the parameters α and ϕ that can lead to misfits of the same scale. The optimization problem appears to have a large amount of local minimums and it appears to be highly degenerate. Exploiting this feature of the proposed setups and taking into account the present progress in the topic of cross-Kerr nonlinearities [42] [43] [44] [45] , in the following we choose the order of magnitude of the phase shift ϕ around 10 −3 in our calculations.
In the following tables we present how efficient these schemes are for generating nonclassical states described in the beginning of this Section. In Tabs. II and III the results of the optimization are shown for the scheme of Fig. 1 for approximations by coherent-state superpositions along a line and on a lattice, respectively, described by Eqs. (1) and (2) . The same is given in Tabs. IV and V for the scheme of Fig. 2 for superpositions along a line and on a lattice described by Eq. (15) . These tables show the misfit of the approximation, all the necessary optimized parameters leading to this misfit including the parameters of the input states, that is, the coherent amplitude α, the phase distance ϕ, and the squeezing parameter r in the second scheme, the measurement results x i of the homodyne measurements, the overall probability P , the corresponding ranges δ i of the measurements, and the average misfit ε avg for different nonclassical states.
The tabulated data clearly demonstrate that a wide Table IV . Results of the optimization for different nonclassical states for the scheme of Fig. 2 . The states are approximated by coherent-state superpositions along a line described by Eq. (15) . The table presents for each state the misfit ε of the approximation and the optimized parameters leading to this misfit including the coherent amplitude α, the phase distance ϕ, and the resulting coherent amplitude β, and the squeezing parameter r of the input states, the measurement results xi of the homodyne measurements, and the overall probability P , the corresponding ranges δi of the measurements, and the average misfit εavg. Table V . Results of the optimization for different nonclassical states for the scheme of Fig. 2 . The states are approximated by coherent-state superpositions on a lattice described by Eq. (15) . The table presents for each state the misfit ε of the approximation and the optimized parameters leading to this misfit including the coherent amplitude α, the phase distance ϕ, and the resulting coherent amplitude β, and the squeezing parameter r of the input states, the measurement results xi of the homodyne measurements, and the overall probability P , the corresponding ranges δi of the measurements, and the average misfit εavg. variety of states can be approximated with high precision using our proposed schemes. Note that there are states which appear in multiple tables, that is, they can be approximated using any of the considered schemes, using various superpositions, albeit with different precision. This is in accordance with the general property of approximations via discrete coherent-state superpositions that they are not unique due to the overcompleteness of coherent states, as mentioned in the Introduction.
The minimal values of the misfits characterizing the accuracy of the approximation that can be achieved vary in the range between 10 −6 and 10 −3 . This precision can be considered to be rather high compared to those that can probably be achieved for the studied states by the quantum state engineering methods based on photon number expansion [26, 29] . It can be partly explained by the high fidelity of the approximation via discrete coherentstate superposition itself [24, 31] on which the proposed schemes are based.
Although the tables show only certain optimal sets of measurement parameters, we note that there are various sets of these parameters leading to the same results for approximating a given state. This degeneracy is implied by the symmetries of the formulas in Eqs. (8)- (10) . In the scheme of Fig. 1 the same value of the misfit parameter can be achieved by swapping the values of x 1 and x 2 while changing the sign of x 3 . Changing the sign of both x 1 and x 2 simultaneously does change the value of the misfit neither. We have also noticed that changing only the sign of either x 1 or x 2 results in the misfit within numerical precision, even though this does not follow from the form of the respective Equations. The same holds for the scheme of Fig. 2 for the change of the sign of x 1 . We have confirmed this latter property for all the approximated states.
The overall probability values presented in the tables were calculated by taking into account the degeneracies of the optimal measurements we have just described. The typical values of this probability is in the range of 10 −3 −10 −2 . We chose the same parameter δ (the parameter which determines the range of the measurements) for all of the measurements. This parameter was set to a value for which the average misfit was around 10 −2 . Obviously, increasing the parameter δ also increases the overall probability P and the average misfit ε avg which means that the accuracy of the generation decreases. In Fig. 4 we present the average misfit ε avg as a function of the overall probability P for the binomial state |0.2, 10 B approximated on a lattice using the scheme presented in Fig. 1 . If this relationship is known for a given state, one can find the optimal range δ of the measurements by deciding upon the optimal balance between the two relevant characteristics of the efficiency: the average misfit and the overall probability. The relatively low values of the measurement probabilities can be explained by the peculiarity of these schemes that they are applicable for the preparation of several states depending on the measurement results of the homodyne measurements. However, these probabilities can be still higher than those achievable in quantum state engineering schemes based on photon addition or subtraction, as they require a larger number of measurements when applied to most of the here considered states [25, 26] .
IV. CONCLUSIONS
We have proposed two quantum state engineering schemes containing only a few beam splitters and 2 or 3 homodyne measurements for the preparation of nonclassical states based on coherent-state superpositions in traveling optical fields. In spite of their simplicity we find that the schemes are capable of generating a large variety of nonclassical states including amplitude squeezed states, squeezed number states, binomial states and various photon number superpositions. We demonstrate this by calculating the parameters of the setups to achieve the maximal fidelity of the generated state with respect to the desired one for a large variety of states, and we find it to be relatively high, while the parameters required to achieve them are experimentally feasible. Moreover, the same figures of merit can be achieved with several different choices of parameters of the input states which introduces a freedom to choose a parameter set which is most in line with the characteristics of the applied experimental technology. Meanwhile the success probability is also found to be acceptable.
When compared with photon addition or subtraction based quantum-state engineering schemes, our proposals potentially outperform these in some situations, especially when the states can be expressed as a superposition of a large amount of photon number states. The required number of elements and measurements increases with the number of these states in those schemes, which decreases their success probability and fidelity. In our schemes the required number of elements and measurements is fixed and small.
For traveling optical fields the opportunities introduced by the application of coherent-state superpositions is largely unexplored in spite of the experimental feasibility of the required ingredients in this experimental context. We have demonstrated that our setups of this kind possess features which make them a good candidate for quantum state engineering devices even in practical applications.
